The exact expressions are given for the correlation functions and the isothermal susceptibility of the Ising model on the finite Cayley tree under zero external field, and for those quantities in the thermodynamic limit. Matsuda's conclusions, the absence .of the spontaneous magnetization and the divergence of the susceptibilities, are reconfirmed. It is shown that local properties around the center of the Cayley tree are given by the Bethe approximation in the thermodynamic limit. § I. Introduction
§ I. Introduction
The Ising model on the Cayley tree has been called attentiqn, for its properties are exactly calculated by the Bethe approximation, if the surface effect is ignored.n. 2 > That solution shows that the isothermal susceptibility under zero external field diverges at the critical temperature T B of the Bethe approximation, and the spontaneous magnetization occurs. below the TB.
When the size of the Cayley tree is finite, the number of sites on the surface is of the same order as the total number of the sites in the whole system, and the effect of the surface becomes so important that the quantities ·obtained after taking the thermodynamic limit of the finite system are different from the ones for the infinitely large system in which the surface effect is ignored. Recently; Matsuda 3 > discussed this problem of the thermodynamic limit for. the ferromag~etic Ising model on the Cayley tree. He gave a proof that the. spontaneous magneti-. zation per site vanishes at any non-zero temperature and yet the susceptibility per site diverges below a critical temperature Teo which is less tha~ TB. On the other hand, Eggarter 4 > obtained the exact expression of the partition function for the Ising model on the finite Cayley tree under zero external field and the free energy per site in the limit of infinite system. It was pointed out that the free energy is analytic and the specific heat per site is continuous for all temperatures. He gave also an argument to show that the spontaneous magnetization in the thermodynamic limit is zero both above and below TB.
In the present paper, we are first concerned with the Ising model on the finite Cayley tree under zero external field. -In § 3 we ·give the exact expressionof the correlation function of an arbitrary number-of spins for this system. In § 4 the expressions given in § 3 are used in calculating the isothermal susceptibility of the whole ·system under zero external field. The isothermal susceptibility of each site is given in § 5. For a ferromagnetic system, zero external field correspohds to a very special state; for an infinite system, the canonical average calculated assuming zero external field is not generally equal to the value obtained at the limit of infinitesimal external field. Following Matsuda, 3 ) we shall call the latter limit the thermodynamic limit. In § § 6""8, we obtain the correlation functions, magnetization and susceptibilities in the thermodynamic limit. In fact, we find that the correlation functions of spins around the center of the infinite Cayley tree are different in the two limits, for temperatures below the critical temperature TiJ of the Bethe approximation. The· quantities in the thermodynamic limit are found to be equal to the ones calculated in the constant coupling approximation, that is equivalent to the Bethe approximatio_n. Matsuda's conclusions on the absence of the spontaneous magnetization and the divergence .of the susceptibilities are reconfirmed in these sections. Concluding remarks are given in § 9. § 2. Description of the system and the thermodynamic limit
We consider the Cayley tree which has a central site 0 and N shells surrounding the site 0. The coordination number z is equal to-or greater than three. A site on the s-th shell is labeled as i1i2· · ·i., where. i1 is an integer between 1 ang z and i1 for l>2 are integers between 1 and z -1: 1 <i1<z and 1 <i1<z -1 for l>2. We shall regard the single site 0 to constitute the zero-th shell. The total number of the sites n, on the s-th shell is given by no=l, n,=z(z-1)'-1 , s>1, and the total number of the sites N. in the whole system by
The sites other than those on the N-th shell have z nearest neighbors. A site id, .. ·iN-!iN on the N-th shell has only one nearest neighbor. id; ... iN-!· Each pair of nearest neighbor sites are conneCted by a bond. The N-th shell is sometimes referred to as the surface of the Cayley tree. For each pair of sites r and r', r and r' representing either 0 or id, .. ·i, where 1 <s<N, distance d(r, r') is defined as the number of bonds which must be passed in order to reach from one of these sites to the other via. the bonds and sites in the system; for instance, 
where h is the external field, and (j, is the dichotomic Ising variable, taking value + 1 or -1, for the site r. The summations with respect to r and r' are taken over all the sites in the system. The restriction r>r' here requires that rand r' are different and that each pair r and r' is taken only once. When the constant J is positive, the system is ferromagnetic.
In the present paper, we are concerned with the canonical average_ of various quantities for the Ising model on the finite Cayley tree, under zero external field, and the corresponding average in the thermodynamic limit. We write the canonical average of a quantity A for the finite system with N shells under an external field h by <A)N.h; so that (2·7)
It is well known that the limits in (2 · 7) cannot be exchanged, e.g., for the ferromagnet. 
By definition (3 · 2), the product of the site variables for two nearest neighbor sites is expressed by one bond variable for the bond connecting the sites. We note here that the product of the site variables for two further apart sites is expressed by the product of the bond variables for all the bonds which have to be passed in order to reach from one of these sites to the other via bonds and sites on the Cayley tree; so that the number of the bond variables occurring in for m>2. We regard this as a product of m products of two site variables, and express each of the products by bond variables. At every time when there occurs the same bond variable twice in the product of those, we replace them by unity. We note that the resulting expression involves the bond variables for the bonds on the m routes constructed such that each of them connects a different pair of two sites among the 2m sites under consideration and that any two of them never use the same bond. The product of the averages of each of the bond variables gives
where L is the least of the sum of distances between each pair of sites when 2m sites are grouped.into m pairs.
Finally we mention that the average of a product of an odd number, e.g., 2m+ 1, of spins is obviously zero under zero external field, for a finite Ising system. In fact, for the present system, we note that the average in the bond variable representation contains a factor I; in terms of Kronecker's delta function. When n>1, P .. defined by (4·3) is equal to the twice of the total number of pairs of sites which have distance n from each 'other in the system. It is give~ by
see the Appendix for the enumeration. Then we have
We consider the limit N~oo of this quanti_ty. If we recall that (z-1)N is 0 (N,), we note that the limiting value for large N, is different according -as 
{4·8b) § 5. Susceptibility of each site
In this section, we. calculate the susceptibility of each site. The susceptibility of a site on the s-th shell XN.o(s) is. defined by
where r0 is an arbitrary site on the s-th shell. Following Matsuda, 3 > we consider also the susceptibility of a site on the s-th shell from the surface,
Because of (3 · 5); (5 ·1) is written as follows;
, n=l
where' Qn ( s) IS defined by
Here r0 is an arbitrary site on the s-th shell. By this definition, Qn(s) is the total number of the sites which have distance n from a site r0 on the s-th shell. It is given by
The enumeration is given in the Appendix. By substituting these numbers into (5·3), we have
Comparison of the definitions ( 4 ·1) and (5 ·1) shows that
By using (2 ·1) and (5 · 6) on the rightchand side, we can rederive ( 4 · 5).
We consider the limit of N-4oo of XN.o(s) given by (5·6). The result is different according as
Here Tn is the critical temperature in the Bethe approximation, that is given by (5·9)
We note here that Tn>Tc. We now obtain
We note in § 7 that the susceptibility given by (5 ·lOa) is exactly the value calculated in the Bethe approximation. By exchanging s with N-s in (5·6), we obtain the susceptibility of a site on the s-th shell from the surface. We take the limit N-4oo with the aid of inequalities ( 4 · 6), and we obtain
== oo, § 6. Correlation function of spins in the thermodynamic limit
In this section, we investigate the thermodynamic limit (2 · 7) for the correlation functions of spins, where A takes the form of (JTt(JT, oo•(JTn· In taking the limit, it is sometimes convenient to use the label s=N-s for the s-th shell, which is then the s-th shell from the surface.
We introduce the effective fields h 8 and h8 for non-zero s, acting on any site r 0 which belongs to the s-th shell from the surface. We note that the site r 0 connects z parts of the system, which we call branches. .
dh=h/(z-1).
Then the recurrence relations for the effective fields are given by
In order to obtain the correct value of h1 with the aid of (6 · 6), h0 is defined by ho=O.
For any fixed positive h, we conclude from (6 · 3) ~ (6 · 7) that O=ho<h~<h2 < 
where sM is an arbitrary large fixed number and sN is a number which approaches ~nfinity as N is tended to infinity, e.g., sN= InN. In the limit h~o +' (6 ·12) gives lim lim h., h,= Ao, s>sN.
(6·13b)
h-O+ N--+oo
The relations (6·9a), (6·11a), (6·1lb), (6·13a) and (6·13b) have been given in Matsuda's paper. 8 ' The behavior given by (6 · 9a) and (6 · 9b) _is easily seen if we use an argument similar to the one given by Eggarter 4 ' with the aid of his Figure 2 . We now consider the average of a product of n spin operators: For each pair ri and ri of the n sites, we draw the shortest route from one of them to the other. We define a cluster of sites C which consists of the sites which are. passed by any one of those routes, and the sites rt. r2, ... , and rn. The
Hamiltonian for the cluster is denoted by H 0 . If we take the traces over the spins on the sites not belonging to the cluster C, both in the. numerator and in the denominator, we have 
Here hreff is the sum of the effective fields to the site r from its nearest neighbors not belonging to C: (6·20) § 7. Magnetization and susceptibility at a site, in the thermodynamic limit
We first apply (6 ·17) "'-' (6 ·19) to the magnetization at a site. We shall denote the magnetization at a site r on the s-th shell for the finite system by
In terms of the effective fields h1 and h1, it is expressed as
We note here that O<mN,h (N) <mN,h (N -1) < · · · <mN,h (0), (7 ·2) by virtue of (6·9a)'""(6·9c). Taking the limit N----';oo in (7·2) for a fixed s, we have, by recalling (6·12),
N-+oo (7 ·3) that is the magnetization calculated in the Bethe approximation. Now the magnetization of a site on the s-th shell in the thermodynamic limit, is given by
Because of (6 ·11), we have
>O. T<TB.
(7·5b\ The magnetization of a site on the s-th shell from the surface IS obtained by using (6·13a) in (7·2) for s=N-s, as follows:
The susceptibility Xo <•> for the s-th shell in the thermodynamic limit is defined by
Here r0 is a site on the s-th shell. For a finite s, (6 ·18) applies and the susceptibility Xh (B)= amh (B) /8h at finite external field h is calculated in the Be the approximation and so is the limit h ----';0 +:
The Xo <B> is given by 6 
c+r:
-r=exp(-2SJ).
(7 ·11)
The calculation of obtaining (7·10b) is well known.n.sl If T>TB, ).0 =0, m0<Bl=O and the value given by (7 ·lOa) with (7 ·11) is equal to the one given by (5 ·lOa):
' T>TB.
The susceptibility Xo (s) for the s-th shell from the surface, m the thermodynamic limit, is defined by 8 l
If s<sM, the order of the limits can be exchanged, so that
N-+oo
This limit is given in (5 ·11), that is,
T<T..
By our explicit expression (7·16), we confirm Matsuda's conclusion that the susceptibililf:y Xo (s) is finite at T> T. and diverges at T<T.. The critical index r for Xo(s) is equal to unity when Tis tended to T. from above. Xo(s) is equal to the value in the Bethe approximation; so that it is well known that it diverges at T=TB. Xo(s) =xo<Bl is finite at T<TB. This last fact is the only discrepancy of our results with Matsuda's conclusions. In his evaluation of Xo (s) = oo below TB, he implicitly assumed that there exists no spontaneous magnetization on the s-th shell. The _critical index r is unity as was obtained by Katsura and Takizawa, 8 l and the index r' also. is found to be unity. § 8. Magnetization and susceptibility for the whole system, in the thermodynamic limit
In this section, we shall consider a quantity which is expressed as a sum of quantities a (r) for each site r, divided by the total number of lattice sites. The for all non-zero temperatures.
We now calculate the isothermal susceptibility Xo per site in the thermodynamic limit, which is given by (8·5)
Comparison of (8 · 5) and (7 · 8) shows that kBTXo = lim lim _!_ £; n,xN,,{s). are both finite. The latter fact is confirmed by observing the recurrence equation for these quantities, which are obtained by ,taking derivatives of (6 · 6) and (6 · 7)
with respect to h. By substituting (5 ·11) into (8 · 7), we obtain
For T>T8 , we c.an calculate Xo as the limit N-H>O of (4·5 In § § 6"-'8; we have discussed quantities in the· thermodynamic limit; we have considered the correlation function of spi~s in § 6 and then the magnetization and the isothermal susceptibilities in § § 7 and 8. In § 6, we have seen that the correlation functions associated to a set of sites are obtaineq by taking the limit N~oo of the values for the finite system under zero field, if all the sites are situated near the surface of the system, and they are given by the constant coupling approximation, that is equivalent to the Bethe approximation, if all the sites are around the center of the infinite Cayley tree. Those results are identical with each other above the critical temperature T 8 of the Bethe approximation. In § 7, we have found that the situation is the same for the magnetization and the susceptibility for a site. In § 8, we have seen that the thermodynamic limit of a quantity expressed as a sum over the whole lattice is completely determined by properties near the surface.
After the completion of the present manuscript, the present authors received a preprint of a work by von Heimburg and Thomas, 9 > These authors investigated a _branch, which consists of the sites {1, 1i2, 1i2i3, ···, 1i2i3 • .. in} in the Cayley tree, where 1 <iz <.z -1 for 2<l<N. The closed expression for the susceptibility has been given of a site and of the whole branch, for the finite system under zero external field. Our limiting values ( 4 ·Sa) and (5 ·lOa) at N~oo and the critical temperature T. have been given in that work. The magnetization as a function of external field h, has been discussed with the aid of numerical solution for the system with the coordination number z = 3.
In the present .paper, we have studied the Ising model on the Cayley tree, assuming that the interaction is only between the nearest neighbor pairs as usual. Recently Katsura and Takizawa 8 > took up the Ising model on the Cayl,ey tree, in which the interaction is between the nearest and the next nearest neighbor pairs. They ignored the surface effect: Studies of the thermodynamic limit of this system are left as a future problem.
comparison of the definitions of Qn(s) and Pn shows that N Pn= :E n,Qn(s).
(A·3)
1=0
Since we know the values n, and Qn(s) already, we can evaluate Pn by using this formula, though we shall present an alternative one.
In estimating Pn. we first enumerate numbers Rn (s) and Rn' (s). They are the total numbers of those sites, with the distance n from a site id2 ···is on the s-th shell, which are situated on an inner shell than the s-th and on the s-th shell, 
.,
If 
